The non-existence of 3-dimensional locally projective spaces of orders (2, 9)  by Huybrechts, Cécile
JOURNAL OF COMBINATORIAL THEORY, Series A 71, 340-342 (1995) 
Note 
The Non-existence of 3-Dimensional 
Locally Projective Spaces of Orders (2, 9) 
CI~CILE HUYBRECHTS * 
D~partement de Mathdmatique, Universitd Libre de Bruxelles, 
Campus Plaine, C.P. 216, 1050 Bruxelles, Belgium 
Communicated byFrancis Buekenhout 
Received September 1, 1994 
We use results on maximal arcs and their relationship with locally projective 
spaces to deduce the non-existence of a 3-dimensional locally projective space of 
orders (2, 9). © 1995 Academic Press, Inc. 
1. INTRODUCTION 
We assume the knowledge of some basic definitions on geometries (see 
[2, 3] for instance). We recall that an n-dimensional locally projective 
space (see [5]) is a rank n geometry F over the diagram [L .An_ I ] '  
L . . . . . . . .  , n/> 3. We call the elements of F points, lines, 
planes .... , hyperplanes. We say that F has orders (a, b) if there are positive 
integers a, b such that (i) each line has a + 1 points and (ii) for each plane 
and each point p in zc, there are b + 1 lines through p in re. 
Let F be an n-dimensional locally projective space having orders (a, b). 
The only known examples for F are the finite affine and projective spaces 
and the Steiner system related to the Mathieu group M22 (D. R. Hughes 
[7] showed that this Steiner system is the only 3-dimensional locally 
projective space of orders (1, 4)). Putting together the result of D. R. Hughes 
and a theorem of J. Doyen and X. Hubaut [6], the following holds (see 
also [4]): 
I f  F is not one of the above examples, then F is 3-dimensional nd the 
orders (a,b) o f f  must satisfy b=(a+l )  2, with a>l  or b=(a+l )3+ 
(a+ l), with a>~ l. 
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NOTE 341 
The existence of such spaces has become a famous unsolved problem. 
We can restrict the values of the parameter a in the second family of 
the Doyen-Hubaut theorem by using the theorem of R.H. Bruck and 
H. J. Ryser [ 1 ]: 
I f  n =- 1 or 2 (mod 4), there is no projective plane of  
be expressed as the sum of  two integral squares. 
order n unless n can 
From this, we easily deduce that a 7~ 2, 5, 6 (mod 8) 
of the Doyen-Hubaut theorem. Indeed, first observe 
two squares if and only if a + 1 is. Moreover, if a + 
b -  2 (rood 4), and so, by Bruck-Ryser, a + 1 must 
squares, which is impossible if a + 1 - 3, 6, 7 (mod 8). 
Moreover, we may also restrict to a > 1 in the second family of the 
Doyen-Hubaut theorem. Indeed, C. W. H. Lam, L. H. Thiel and S. Swiercz 
[ 8 ] showed with the help of a computer that there is no projective plane 
of order 10, and so there is no 3-dimensional locally projective space of 
orders (1, 10). 
The smallest unsolved case in the Doyen-Hubaut theorem is (a, b)= 
(2, 9). We solve this case by applying results of J. A. Thas [ 10] on the one 
hand and of T. Penttila and G. Royle [ 9 ] on the other hand, and we prove 
the following: 
in the second family 
that b is the sum of 
1 ~ 0 (rood 4), then 
be the sum of two 
THEOREM. There is no 3-dimensional locally projective space o f  orders 
(2, 9). 
Note that this theorem depends on a computer search since the 
Penttila-Royle result has been obtained with the help of a computer. 
The smallest remaining open case in each of the two families of the 
Doyen-Hubaut theorem is respectively (a, b) = (3, 16) and (3, 68). 
The author thanks M. J. de Resmini for communicating a useful result 
and J. Doyen for the improvements he brought to the manuscript of this 
paper. 
2. THE NON-EXISTENCE RESULT 
A maximal  {m}-arc in a projective plane P is a set K of points of P such 
that each line of P intersects K in 0 or m points. 
Here are the two lemmas on which our theorem is based. 
LEMMA [10]. There is no maximal {3}-arc in the desarguesian 
projective plane PG(2, 3 t') for  h > 1. 
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LEMMA [9]. There is no maximal {3}-arc in the non-desarguesian 
projective planes of order 9. 
Let F be a 3-dimensional ocally projective space of orders (a, b). Let 0~ 
be a plane and let p be a point not in c~. It is straightforward to see that 
we may identify the points and the lines of 0~ with a subgeometry of the 
residue of p, and that this geometry is a maximal {a + 1}-arc in this 
projective plane of order b. 
Since there is no maximal {3}-arc in a projective plane of order 9, F 
cannot be of orders (2, 9). 
REFERENCES 
I. R. H. BRUCK AND H. J. RYSER, The nonexistence of certain finite projective planes, Canad. 
J. Math. 1 (1949), 88-93. 
2. F. BUEKENI~OUT, The basic diagram of a geometry, in "Geometries and Groups," pp. 1-29, 
Lecture Notes in Mathematics, Vol. 983, Springer-Verlag, Berlin, 1981. 
3. F. BUEKENHOUT, Foundations of incidence geometry, in "Handbook of Incidence 
Geometry" (F. Buekenhout, Ed.), Elsevier, Amsterdam, 1995. 
4. F. BUEKENtIOUT AND A. PASINI, Finite diagram geometries extending buildings, in 
"Handbook of Incidence Geometry" (F. Buekenhout, Ed.), Elsevier, Amsterdam, 1995. 
5. A. DELANDTSHEER, Dimensional linear spaces, in "Handbook of Incidence Geometry" 
(F. Buekenhout, Ed.), Elsevier, Amsterdam, 1995. 
6. J. DOYEN AND X. HImAUT, Finite regular locally projective spaces, Math. Z. 119 (1971), 
83-88. 
7. D. R. HUG~IES, Extension of designs and groups: Projective, symplectic and certain affine 
groups, Math. Z. 89 (1963), 199-205. 
8. C. W. H. LAM, L. H. THIEL, AND S. SWIERCZ, The non-existence of finite projective planes 
of order 10, Canad. J. Math. 41 (1989), 1117-1123. 
9. T. PENTTILA AND G. ROYLE, Sets of type (m, n) in affine and projective planes or order 
nine, preprint. 
10. J. A. THAS, Some results concerning {(q + 1)(n -- 1); n}-arcs and { (q + 1)(n - 1) + 1; n}- 
arcs in finite projective planes or order q, J. Combin. Theory 19 (1975), 228-232. 
